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Abstract 

We find under some mild assumptions that the most general potential of 1- 
dimensional conformal systems with time independent couplings is expressed asV = 
Vo + Vi, where Vb is a homogeneous function with respect to a homothetic motion in 
configuration space and Vi is determined from an equation with source a homothetic 
potential. Such systems admit at most an SL{2,M) conformal symmetry which, 
depending on the couplings, is embedded in Diff(R) in three different ways. In one 
case, SL{2,M.) is also embedded in Diff(S'^). Examples of such models include those 
with potential V = ax^ + I3x~'^ for arbitrary couplings a and /3, the Calogero models 
with harmonic oscillator couplings and non-linear models with suitable metrics and 
potentials. In addition, we give the conditions on the couplings for a class of gauge 
theories to admit a 5-L(2,M) conformal symmetry. We present examples of such 
systems with general gauge groups and global symmetries that include the isometrics 
of AdS2 X S'^ and AdS2 x x S"^ which arise as backgrounds in AdS2/CFTi. 



1 Introduction 



It has been known for sometime that 1-dimensional models with potential V — f^x"^ are 
conformally invariant [1, 2]. de Alfaro, Fubini and Furlan (DFF) explored the SL(2,R) 
conformal symmetry of this theory and noticed that the Hamiltonian operator docs not 
have a ground state [2]. To overcome this problem, they suggested to choose the eigen- 
states of 



as a basis in the Hilbert space. O is not the Hamiltonian operator, but a linear combina- 
tion of conserved charges associated with the SL{2, R) conformal symmetry of the theory. 
Choosing suitably the coupling constants a,f3 this operator exhibits a ground state and 
discrete energy spectrum. As a result the DFF formulation of the theory has been widely 
accepted in the literature. However, although a Hilbert space has been defined for the 
theory, the Hamiltonian operator is not diagonal in the chosen basis and so the energy 
levels of the theory cannot be identified. There have been many generalizations of the 
V — /3x~'^ model, see eg [3]-[8], including the construction of non-linear theories^ [9, 10], 
which exhibit similar properties, see also reviews [11, 12] and references within. The DFF 
treatment of the theory and its generalizations have found widespread applications in the 
description of near horizon black hole dynamics [13, 14, 15, 16] and in the understanding 
of black hole moduh spaces [17, 18, 19, 20, 21]. 

Another application of conformal mechanics is in the context of AdS2/CFTi corre- 
spondence [22], and for further exploration see eg [23, 24] . It is expected that string 
theory or M-theory on a AdS2 x X background is dual to a conformal theory on the 
boundary. After analytic continuation the Lorentzian boundary of AdS2, which is two 
copies of M, is mapped to a circle, see eg [23] . In the Euclidean regime, the associated dual 
theory should be a conformal theory defined on the circle. As wc shall demonstrate, there 
are such conformal theories but they are based on different potentials^ from V = —I3x~'^. 

In this paper, we investigate the conformal properties of theories with Lagrangian 



where g is a metric on the configurations space, V is a potential and q is the time derivative 
of the position. The conditions required for such theories to be invariant under the con- 
formal transformations (2.1) have been stated in (2.2). Assuming that the configuration 
space of these theories admits a homothetic vector field Z associated with a homothetic 
potential h, the conditions for conformal invariance (2.2) can be solved. The potential of 
the theory can be written as 



-'^With the term "linear theories" we mean those for which the configuration space is R" equipped 
with the Euchdean metric but they may exhibit a non-trivial potential. "Non-linear theories" are those 
with curved configuration space. 

^The 5*27(2, M) conformal symmetry of the V = — model acts with fractional linear time re- 
parameterizations and it cannot be embedded in Diff(S'^). We allow for diffeomorphisms with some 
discontinuities. 




(1.1) 




(1.2) 



V^Vo + Vi, 



(1.3) 
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where Vq is a homogeneous function with respect to the homothetic motion Z and V\ 
obeys the inhomogeneous equation (2.13) which has source the homothetic potential h. 
The dimension of the conformal group of these models is at most three and one of the 
generators is time translations. This is because the parameter of the transformation 
obeys a third order equation (2.10). The maximal conformal group is S'L(2,R) and it is 
embedded in Diff(M) in three different ways generating the vector fields 

(i) du tdu f^dt; 

(ii) dt, cosh {u;t)dt, smh.{ut)dt; 

(in) dt, cos{uit)dt, sm{u!t)dt; (1.4) 

for some u related to the couplings. 

The first SL{2,R) embedding (i) in (1.4) is realized for the models with Vi = 0. 
These class of models has a homogeneous potential Vq and includes the DFF model, and 
its linear and non-linear generalizations [9, 10]. Furthermore, if Vi 7^ 0, the SL{2,M.) 
conformal group is embedded in Difi'(]R) generating the vector fields (ii) or (iii). These 
are Newton-Hooke transformations and the two cases are distinguished by the sign of 
the inhomogeneous term in the equation (2.13) which determines Vi. The models with 
conformal transformation (ii) and (iii) arc related by a naive analytic continuation, and 
the SL[2,M.) group in the latter case can be embedded in Diff(S'^). 

The class of conformal models with conformal symmetry (ii) and (iii) in (1.4) includes 
those with potential [3] 

V ^ ax"^ + Px-^ , (1.5) 

where Vq — ^x''^ and Vi — olx^ . For o; < the conformal group generates the vector fields 
(ii) in (1.4), while for a > the conformal group generates the vector field (iii). There 
are also several multi-particle models which exhibit type (ii) and (iii) in (1.4) conformal 
symmetry. Such systems include the Calogcro model with harmonic oscillator couplings 
of equal frequency [27], and the multi-particle linear models of [28] for which Vq satisfies 
additional symmetries. We shall present some additional linear and non-linear systems 
with (ii) and (iii) conformal symmetries. Observe that the theories with a,^ > in (1.5) 
have a ground state and discrete energy spectrum, and so there is no need to choose 
another operator different from the Hamiltonian to give a basis in the Hilbert space of 
the theory. This also applies to several other models in this class. 

One result which follows from the general analysis of this paper is that the most general 
linear conformal model admits a potential (1.3), where Vq is a homogeneous function of the 
positions q of degree -2 and V\ = This rigidity result is based on the uniqueness of 

homothetic motions in fiat space associated with a homothetic potential. The homothetic 
motion is the homogeneous scaling of all coordinates, £q^. These models admit an 
5'L(2,R) conformal symmetry generated by the vector fields (n) and (in) in (1.4) and 
depending on whether a < or a > 0, respectively. 

More recently, conformal models in one dimension have been investigated which apart 
from scalar fields contain also vectors [25]. So far such theories have been based on 
gauging models with homogeneous potentials. We shall demonstrate that such models 
can be generalized to include potentials of the type (1.5). In particular, we derive the 
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conditions (4.9) for gauged non-linear sigma models with Lagrangian (4.1) to admit a 
conformal symmetry, and determine the equations that restrict the potentials. Wc find 
that for a large class of such conformal theories the potential can be written as in (1.3), 
where both Vq and Vi must also be gauge invariant. In addition, we give some examples 
which include conformal models with a general gauged group and global symmetries. Some 
of these models exhibit the isometries of AdS2 x and AdS2 x x backgrounds 
as global symmetries. A class of these models is solvable, and the Hamiltonian has a 
ground state and discrete spectrum. A similar investigation of SL{2,R) symmetries in 
the context of matrix models has been done in [26] and the associated potentials have 
been identified. 

This paper is organized as follows. In section 2, we derive investigate the conditions for 
conformal invariance of non-linear 1-dimensional theories and derive the scalar potential 
(1.3). In section 3, we give several examples of such models. In section 4, we derive the 
conditions on the couplings gauged sigma models with a potential to admit conformal 
invariance, and give several examples. In section 5, we present our conclusions. 

2 Conformal models 

2 . 1 Lagrangian 

Consider the Lagrangian (1.2) of a sigma model on a manifold M with metric g and with 
a potential V. This describes either the propagation of a non-relativistic particle in a 
curved manifold M or a multi-particle system with a non-trivial configuration space M. 
One can assign mass dimensions such that q is dimensionless [q] = while [t] = —1. Thus 
[L] — 2 provided one takes the coupling V terms to have dimension 2. This is not the 
most general Lagrangian that one can consider as a coupling with dimension 1 has not 
been included. This will be done elsewhere [29]. 

2.2 Conformal transformations 

All time rc-parameterizations t' = u{t) are conformal transformations of the Euclidean 
metric on M as ds^ = {dt'Y = {iiYdt^. Therefore, one can choose any of these transfor- 
mations and demand that leave the action (1.2) invariant. Apart from time translations^, 
such transformations will not leave the action invariant unless there is a compensating 
additional transformation on the positions generated by a vector field X on M [9] . As a 
result, one considers the infinitesimal transformations [10] 

5q' ^ -ea{t)(i + eX\t,q) , (2.1) 

where e is a small parameter. The first term in the transformation of q is induced by the 
infinitesimal transformation 5t = ea{t), where a{t) is the vector field on M which generates 
the time re-parameterizations, while the second term containing X is the compensating 
transformation which may explicitly depend on t. 

^We have chosen the couphngs g and V not to depend exphcitly on time. However, it is straightforward 
to carry out the analysis of this section for models with time-dependent couplings. 
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The conditions for the invariance of the action (1.2), up to surface terms, under the 
transformations (2.1) are [10] 

CxQij^agi^, dtX'g.j^dJ, aV + X'^d^V ^ -d^f (2.2) 

where / = f{t, q) is the contribution from the surface term, and where dt denotes differ- 
entiation of the exphcit dependence of X and f on t, ie 

j^fiq,t)^dtf + q%f. (2.3) 
The conserved charges associated with the above symmetries are 

Q{a, X) = ^g.jq'q^ - g.^q'X^ + + / . (2.4) 
It can be easily shown that Q{a, X) is conserved subject to field equations. 

2.3 Solution of conformal conditions and new models 

It is clear that the first condition in (2.2) implies that X generates a family of homothetic 
transformations on M which may depend on t. Since all Diff (R) are conformal transforma- 
tions, the system can be invariant under any subgroup of Diff (R). So, one should consider 
at most as many homothetic motions in M as the dimension of the subgroup of conformal 
transformations. However, in most examples of interest M admits one homothetic motion 
generated by a vector field Z which does not depend explicitly on t 

Czgij = igij , (2.5) 

where ^ is a constant. Then, the first condition can be solved by setting 

X\t,q) = e-^d{t) Z\q) . (2.6) 

Assuming that Z arises from a homothetic potential, ie 

Z'g,^ = d,h , (2.7) 

where h — h{q), f can be chosen^ 

/ = r^iih . (2.8) 
The last equation in (2.2) can now be rewritten as 

d(V + r^Z'^dkV) = -r^d^a h . (2.9) 



^We assume that a 7^ 0. If a = 0, Z does not have to be associated with a homothetic potential and 
y is a homogeneous function of the homothetic motion. The models do not have a SL{2, R) symmetry 
but rather are invariant under time translations and scale transformations generated by the vector fields 
dt,tdt. 
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Since we are seeking to find potentials V which solve the above equations and do not 
depend explicitly on t, we have to take 

d^a = Ad , (2.10) 

where A is a constant. Of course, if d = 0, there is no condition on V as the only symmetry 
of the action is time translations. Thus, we take d 7^ and as a result the equation which 
determines the potential is 

V + r^z^dkV = -r^xh . (2.11) 

The general solution for the potential can be written as m. [1.2,) , \e V — Vq -\- Vi, where 
Vo is the most general solution of the homogenous equation 

yo + r^z^afeyo = o , (2.12) 

and Vi is a solution of 

+ r^Z^dkV^ = -r^Xh . (2.13) 

Clearly, there are 3 cases to consider depending on whether A = 0, or A > or A < 0. 

In these three choices, the vector field a is determined from (2.10) as follows. For A = 0, 
one has 

a = ao + ait + 02^^ , (2-14) 
where oq, ai and 02 are integration constants. For A = a;^, one has 

a = ao + 66"^* + ce"'^* , (2.15) 

and for A = — t^^, one has 

a — aQ-\- bcos{u!t) + csm{u!t) , (2-16) 

where ao,b,c are integration constants. The new conformal models arise from the last 
two cases. 

Before we proceed to investigate individual models, let as examine the algebra of these 
transformations. A basis in the space of vector fields of the infinitesimal transformations 
(2.14), (2.15) and (2.16) is given in (i), (ii) and (iii) of (1.4), respectively, with |A| = u"^. 
The group of transformations generated by (2.14), (2.15) and (2.16) is SL{2,R). However, 
SL{2, M) is embedded into Diff(M) in three different ways^. The group of transformations 
generated by (2.16) is also embedded in the 015(5^) as the associated vector fields are 
periodic in t. The two cases (2.15) and (2.16) are related to each other by analytic 
continuation. 

Substituting the above expressions of X into the conserved charges and using the 
properties of the homothetic motion on M, one finds that 

Q{a, Z) = ^gijq'q^ - hr^dM + a(Vb + 14) + i'^ah . (2.17) 

These can be easily computed explicitly in the examples described below. 
^In the (2.14) case, 51/(2, R) acts with fractional Unear transformations on M. 
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3 Examples 



3.1 Conformal particle in flat space 

The most illuminating model is that of a single particle propagating on the real line. Here 
we shall show that (1.5), which has been found previously in [3], is the only potential 
consistent with conformal invariance. For this we shall take the Lagrangian 

£ = - V{x) , (3.1) 

and we shall determine V such that the action is conformally invariant. For this consider 
the homothetic vector field 

Z = ^xd, , (3.2) 

on the configuration space. For this choice oi Z, i — 1. The homothetic potential in this 
case is 

h=^x'^ . (3.3) 
4 

Then the equation (2.12) can be solved for Vo to yield 

Vo = f3x-^ , (3.4) 

for some constant /3, which the potential of the DFF model. However, we have seen that 
the potential V also receives a contribution from Vi which is determined in (2.13). The 
latter equation can be solved as 

Vi = ax'^, a = -X/S. (3.5) 

Thus the most general potential V = Vq + Vi oi such conformal models is given in (1.5). 

The Hamiltonian of this class of conformal models is given in (1.1). As it has already 
been mentioned the associated Hamiltonian operator with a > 0, P > has a ground 
state and discrete spectrum. 



3.2 Conformal multi-particle systems 

Consider next the linear model of N particles propagating in R and interacting with a 
potential V. The Lagrangian of such a system is 

1 ^ 

C=-J2{xr-Vix^). (3.6) 

i 

To find the potentials V consistent with conformal invariance, consider the homothetic 
motion 

1 ^ 

Z^-J2x'd,, (3.7) 

i=l 
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of R configuration space. Tlie liomotlietic potential in tliis case is 



, kl^ = 6ijx'x^ . (3.8) 

As it has been mentioned in tfie introduction, Z in (3.7) is tfie unique fiomotfietic motion 

in associated with a homothctic potential^ up to an overah scale which does not affect 
the form of the potential. After solving the conditions (2.12) and (2.13), one finds that 
the potential V is 

V ^ alx]"^ + Vo{x) , a^-X/S (3.9) 

and Vo is a homogeneous function of degree —2 

x'diVo = -2Vo . (3.10) 

(3.9) is the most general potential of linear models. 

Of course, there are many choices for Vq. A minimal choice for Vq is Vq — /3\x\~'^. 
However, this is not unique. For example, one can also choose 

= V . (3.11) 

"^(x'-x^)^ ^ ' 

The models with potentials V given in (3.9) and (3.11) arc the Calogero models with 
harmonic couplings of equal frequency. Our results demonstrate that these models are 
conformally invariant. It is well-known that such models with a > and (3 > have 
a vacuum state and discrete energy spectrum [27, 30]. Of course, there are many more 
potential functions Vq which satisfy the homogeneity condition (3.10) above than those 
appearing in the Calogero models. The above models also include those presented in [28] 
where some additional symmetry assumptions were made on the form of Vq potential. 

To summarize, we have shown that all the above models admit either an SL(2,R) 
conformal symmetry which is embedded in Diff (M) as in (i), (ii) or (iii) of (1.4) depending 
on whether a = 0, a < or ck > 0, respectively. The associated conserved charges can be 
computed by a direct substitution in (2.17). 

3.3 Particles propagating on cones 

So far, we have presented linear models as examples. For a non-linear example, consider 
particles propagating on a cone and interacting with a potential V. The Lagrangian of 
such a system is 

£ = 1 (f2 + r\jx'x^) - V{r, x) , (3.12) 

^If the requirement of the homothctic potential is removed, the scahng transformation (3.7) can mix 
with other isometries, hke SO{N) rotations, to give rise to new homothetic motions. These can be used 
to construct invariant theories under subgroups of SL{2,W) involving at most two generators. 
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where 7 is the metric of the cone section which does not depend on the radial coordinate 
r but it may depend on the rest of the coordinates x. The cone metric 

ds'^ = dr^ + r\jdx'dx^ , (3.13) 

admits a homothetic motion generated by the vector field 

Z = ^rdr , (3.14) 

which homothetic potential 

h^'^ + k{x), (3.15) 

where k is an arbitrary function of x. It is straightforward to show that the most general 
potential compatible with conformal symmetry is 

V = ar^ + f3{x)r-^ + 8ak{x) , a = -X/8 . (3.16) 

Again these models admit a SL{2,R) conformal symmetry generating the vector fields 
(i), (ii) or (iii) of (1.4) depending on whether a = 0, a < or a > 0, respectively. 



4 Conformal gauge theories in one dimension 
4.1 Action 

Motivated by applications in AdS/CFT, which typically requires dual theories with a 
gauge symmetry, and to enhance the class of 1-dimensional conformal systems, we shall 
also examine the conditions for a gauged sigma model to admit conformal invariance. For 
this, we assume that M admits a group of isometries G, generating the vector fields ^, 
which leave V invariant. Gauging the isometries of (1.2), one finds the Lagrangian^ 

L^^gijVtq'Vtq^ -V , (4.1) 

where 

Vtq' ^ct- A% , [Ca, 6] = -fab% , (4.2) 

A is the gauge potential and / are the structure constants of G. We assign mass dimension 
to A as [A] = 1 so that L has mass dimension 2. 
The equations of motion of the theory are 

gijDtVtq' +d^V = 0, i,aVtq' = , (4.3) 

■"This is not the most general Lagrangian of dimension 2 as couplings of dimension 1 have not been 
included. 
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where 

DtVtq' = dtVtq' - A'^djCytq' + r^^tq'^tq' ■ (4.4) 

Under certain conditions the gauge connection A can be ehminated from the equations 
of motion leading to a theory with dynamical variables just the g's. In particular notice 
that the second equation of motion can be rewritten as 

iabA' = Uq' (4.5) 

where iab = 9ijCa^b- ^ invertible, then all A can be eliminated. However, we shall 
not elaborate on this here. Instead, we shall proceed to find the conditions such that the 
action (4.1) is invariant under some conformal symmetries. 

4.2 Conformal and gauge symmetries 

The action (4.1) is invariant under the gauge transformations 

6q' = vXa, SA^ = VtV\ (4.6) 

where r] is the gauge infinitesimal parameter. 

Next as in the un- gauged case, one expects that the transformations on q and A, 
which induce the conformal symmetries of the action (4.1), to contain two parts. One 
part is associated with time re-parameterizations and an additional term which generates 
compensating transformations on the configuration space. As a result, we postulate the 
conformal transformations 

Sq' = -ea{t)dtq' + eX\t,q,A) , 

= -edA"" -eaA" + eW''{t,q,A) , (4.7) 

where the first term in the variation of q and the first two terms in the variation of A are 
the transformations induced on q and A from the infinitesimal re-parameterization of t, 
5t — €a{t), and the rest are the compensating transformations. 

These transformation mix with the gauge transformations above. In particular, the 
coordinate transformation induced on A by a can be rewritten as a gauge transformation 
with parameter —aA'^. Since the action is invariant under gauge transformations, this can 
be used to simplify the conformal transformations as 

Sq^ = -ea{t)Vtq" + eX' , 

SA" = eW . (4.8) 

For the same reason X and Z are not uniquely defined. In particular X and W are defined 
up to terms £"^a and Vt^", respectively, where i — i{t, q, A). 

Assuming that X and W do not depend on time derivatives of g, a straightforward 
computation reveals that the conditions required for the invariance of the action, up to 
surface terms, are 

^^xQij = dgij , 
g.^dtX^ + QijA^iia, XY - g^,ebW' = dj , 

dV + X''dkV = -dtf , (4.9) 

where / = f{t,q) is the contribution from the surface term. / is taken to be gauge 
invariant, Ca^if — 0- To find conformal models, one has to solve (4.9). 
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4.3 Solution of conformal conditions 

Here, we shall not seek the most general solution to the conformal invariance conditions(4.9) 
Instead, we shall take 

[Ca,X]^0, W^O. (4.10) 

In this case, the above conditions (4.9) reduce to those of (2.2) but with the additional 
assumption that / is gauge invariant. 

To find solutions, we proceed as in section 2.3. The potential is given as V = Vo + Vi, 
(1.3), with Vo and Vi determined by the equations (2.12) and (2.13), respectively. There is 
an additional restriction here that the homothetic potential h is gauge invariant, Ca<^ih = 0. 

As in the systems without gauge symmetry, there are three cases to consider depending 
on whether A = 0, A > or A < 0. In all cases the conformal group is SL{2,R) but it is 
embedded in three different ways into Diff(R). The A > and A < models are related 
by analytic continuation. 

4.4 Examples 

4.4.1 Gauged nonlinear models on a cone 

Examples of non-linear gauge theories exhibiting conformal symmetry are those that 
describe the propagation of particles on a cone. Assuming that the cone section metric 7 
admits a group of isometrics generating the vector fields ^, the Lagrangian of the theory 
can be written as 

£ ^ 1 (^2 ^ r\jVtx'VtX^) - V{r, x) , (4.11) 

where 

Vtx' = x' -^iA'' . (4.12) 

The homothetic vector field is again given hj Z = \rdr and commutes with the Killing 
vector fields satisfying the assumption (4.10). 

The rest of the analysis proceed as in the cone example in section 3.3 for the un-gauged 
model yielding a potential 

V = ar'^ + I3{x)r-'^ + Sak{x) , a = -X/8 , (4.13) 

where now P{x) and k{x) arc gauge invariant functions of the cone section, = 
Cadik = 0. The simplest explicit example is to consider the flat cone and as the gauged 
symmetry the rotational symmetry. The potential of this model is given as in (4.24) with 
/3 and k constants. 

4.4.2 Gauge theories 

A large class of linear conformal models^ can be constructed beginning from some gauge 
group G and some linear representation D of its Lie algebra g on a vector space V. 

^These can also be thought of as special cases of the cone models above. 
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Suppose that D leaves invariant a (constant) metric g on V. Then one can consider the 
Lagrangian 

L = ^^Vtx-Vtx- - V{x) , (4.14) 

where 

Vtx"* = i"^ - A"(L>„)"*„x" . (4.15) 

To determine V such that this theory is conformal, observe that the metric admits a 
homothetic motion generated by the vector field 

(4.16) 

Moreover, this commutes with the Killing vector fields 

L = liDa)Vdm , (4.17) 

ie [Z,^a] = 0. As a consequence (4.10) is satisfied. Furthermore, the homothetic potential 
of Z is 

h^^gmnxV . (4.18) 
Using this, the potential V can be determined by solving (2.12) and (2.13) as 

V^agmnX^x^ + Vo, « = (4.19) 
and Vo is a function of x of homogeneous degree -2, 

x'^dmVo = -2Vo , (4.20) 
which is also invariant under G. The minimal choice is 

However such a choice is not unique for general gauge groups and representations D. A 
similar potential has been derived in the investigation of SL{2, R) invariant matrix models 
in [26]. 

Amongst these models, one can take as D — aOj <Si l'^ , where aOj is the adjoint repre- 
sentation of a group G and / is the trivial representation. In such a case, the Lagrangian 
can be written as 

L = lgab^iij'^tx'''Vtx'^ - V{x) (4.22) 

where 

Vtx" = ir"^ - J^hcX^' , (4.23) 
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gab is an invariant metric on the adjoint representation of G and k a metric on the k-copies 
of the trivial representation. The potential in this case can be written as 



V = agabKijx"-^x ^ + Vo , « = - „ 



(4.24) 



and Vq is a function of x of homogeneous degree -2 which is also invariant under G. Now 
there arc several options for Vq. For example, Vq can be any homogeneous function of 
degree -2 expressed in terms of the gauge invariant functions like 



and many others which can be constructed from all the invariant tensors of g under the 
action of the adjoint representation. One example is a gauged Calogero model for which 
the potential is given in (4.24) with 



Further restrictions can be put on the form of the potential by requiring that the theory 
is invariant under the global symmetry XjO(nj) which leaves k invariant. The above 
construction can also be done by replacing aOj with another representation of the gauge 
group. 

This class of conformal theories has all the bosonic symmetries required for the CFT 
duals of backgrounds like AdS2 x 'S'^ or AdS2 x x S^. In particular, one can easily 
construct models with rigid symmetry SL{2,R) x S0{4), which is the isometry group 
of AdS2 X S^, and any gauge symmetry including U{N), and similarly there are models 
which exhibit the isometries of AdS2 x x backgrounds as symmetries. It is also 
worth remarking that the analytic continuation of a A > theory which exhibits SL{2, M) 
conformal symmetry is equivalent to taking A to —A and Vq to — Vq and leads to a model 
with SL{2,M) conformal invariance but now embedded in Diff(S'^) as expected in the 
context of AdSg/CFTi. 

The quantum theory of the model with action (4. 14) can be easily described in the case 
that T^o = and a > 0. The Hilbert space of these theories can be constructed starting 
from the Hilbert space of dimD harmonic oscillators. Then, gauge invariance requires 
that one has to consider only those states which are invariant under the gauge group. 
The Hamiltonian operator has a ground state and the spectrum is discrete. However the 
details of the construction depend on the choice of gauge group and representation D. If 
Vq 0, the quantum theory depends on the choice of Vq. It is likely that some of the 
properties of the Vq = models can be maintained in the presence of a large class of Vq 
potentials as it happens for the Calogero models with harmonic oscillator couplings. 

5 Concluding remarks 

We have demonstrated that the potential V of conformal mechanics models admitting a 
homothetic motion in configuration space can be expressed as a sum V — Vq + Vi, where 



(4.25) 




(4.26) 
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Vq is a homogeneous function of the homothetic motion and Vi is determined from an 
equation which has as a source the homothetic potentiaL Depending on the couphngs, 
the maximal conformal group SL{2,R) is embedded in Diff(M) in three different ways. 
Furthermore, one of these can also be thought as an embedding of SL{2, R) in in Diff(5'^). 
This is significant from the point of view of AdS2/CFTi as the dual Euclidean theory 
must be defined on the boundary which is a circle. 

Examples of conformal 1-dimensional systems include models with potential V = 
(xx^ + /9a;~^ [3]. The 5'L(2,M) conformal symmetry of this model is embedded in Diff(M) 
in three different ways depending on whether a = 0, a < or a > 0, respectively. 
Moreover if a > 0, S'L(2,M) can also be embedded in Diff(S'^). 

We have described all 1-dimensional linear conformal theories described by the La- 
grangian (3.6). The potential of all such models is V = q\x^ + Vq, where Vq is a ho- 
mogeneous of degree —2 function of the positions x. This rigidity result is based on the 
uniqueness of the homothetic motion in fiat space associated with a homothetic potential 
and the analysis in section 2. Examples of such theories include the Calogero models with 
harmonic oscillator couplings of equal frequency as well as the models given in [28]. We 
have also presented examples of non-linear models. 

It is clear form the analysis of section 2 that if the configuration space of a system 
admits a single homothetic motion associated with a homothetic potential, then the vector 
field a{t)dt which generates the time re-parameterizations obeys the third order equation 
(2.10). Because of this, the conformal group can be at most 3-dimensional. Therefore, 
if there are theories with larger conformal groups than SL(2,M.), then necessarily must 
have additional fields, hke vectors or spinors, and possibly must couple to gravity. As a 
consequence all linear models admit at most a SL{2,M) conformal symmetry. 

We have also investigated the conformal properties of 1-dimensional systems with 
scalar and vector fields based on the Lagrangian(4.1). We have derived the conditions 
for such systems to admit a conformal symmetry (4.9) and present several examples. 
The potential of a class of such theories is again the sum of a homogeneous function, 
under the action the homothetic motion, and a term that depends on the homothetic 
potential. Examples of such conformal models can exhibit general gauge groups and 
global symmetries. In particular, we have constructed models with arbitrary gauge group 
which have the isometrics of AdS2 x and AdS2 x x backgrounds as global 
symmetries. Similar potentials have arisen in the investigation of matrix models with 
SL(2,R) invariance in [26]. 

Gravitational backgrounds that have applications in AdS2/CFTi typically preserve 
some of the spacetime supersymmetry and as a result the dual theories must be supercon- 
formal. The supersymmetric extension of some of the conformal models we have consid- 
ered here has already been done, see eg [30] and [9, 10] for the supersymmetric extension 
of Calogero model with harmonic oscillator couplings and that of non-linear conformal 
theories with homogeneous potentials, respectively, see also [32] for matrix models. Con- 
formal linear models with extended supersymmetry and homogenous potentials have been 
reviewed in [12], see also [33]. It is straightforward to construct superconformal models 
with potentials V — Vq + Vi specially those that exhibit a small number of supersymme- 
tries. Such supersymmetric extensions can be based on the results of [31, 19] and they 
will be reported elsewhere. 
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